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ABSTRACT 
This study aims to optimize the impedance control of a 3 degree-of-freedom (DOF) robot in 
various industrial applications, such as pushing, polishing, cleaning, and grinding. In these 
applications, the robot manipulator needs to interact with the environment to achieve the 
desired task, making it imperative to control the interaction between the robot and the 
environment. The impedance controller is an effective approach that regulates the dynamic 
relationship between the robot and the environment, which is crucial for performing these 
tasks accurately and efficiently. Unlike force/position hybrid controllers that have separate 
subspaces for force and position control, the proposed impedance controller aims to regulate 
the relationship between the force and the position of the end effector in contact with the 
environment. This approach ensures that the robot manipulator endpoint follows both the 
desired force profile and the desired position accurately. Additionally, the proposed method 
allows for planning a virtual trajectory to obtain a desired force profile when the environment 
has a rigid structure with known properties. To optimize the proposed impedance controller, 
the Bees Algorithm was used. The numerical application results demonstrate that the 
optimized impedance controller allows the robot manipulator endpoint to follow both the 
desired force profile and the desired position accurately, providing a practical solution for 
controlling the interaction between the robot manipulator and the environment in various 
industrial applications. The significance of this study lies in its potential to improve the 
performance of industrial robots in applications that require interaction with the environment. 
By using an optimized impedance controller, the robot can perform its task accurately and 
efficiently, reducing the risk of errors and improving productivity. 

Keywords: Impedance control, 3 DOF robot, robot-environment interaction, The Bees 
Algorithm. 
 

1. INTRODUCTION 

Industrial robots are widely used in various manufacturing processes to automate tasks and 
improve productivity. In many industrial applications, the robot manipulator needs to interact 
with the environment to achieve the desired task, such as pushing, polishing, cleaning, and 
grinding. However, controlling the interaction between the robot and the environment can be 
challenging, as the robot needs to regulate the dynamic relationship between the force and 
position of the end effector in contact with the environment [1, 2]. 

One effective approach to regulate this dynamic relationship is through impedance control. 

INTERNATIONAL PARIS CONGRESS ON APPLIED SCIENCES

April 1-3, 2023 - Paris 229



Unlike force/position hybrid controllers that have separate subspaces for force and position 
control, impedance controllers aim to regulate the relationship between the force and the 
position of the end effector in contact with the environment [3-5]. This approach ensures that 
the robot manipulator endpoint follows both the desired force profile and the desired position 
accurately [6, 7]. Impedance control has been widely studied and applied in various industrial 
applications, such as assembly, welding, and machining. In impedance control, the trajectory 
function of the robot's end effector is an essential factor that affects the dynamic relationship 
between the robot and the environment [8]. 

Optimization algorithms are a fundamental tool used in many scientific fields to solve 
complex problems. Two categories of optimization algorithms exist: global optimization 
algorithms and local search algorithms [9]. Global optimization algorithms, such as Genetic 
Algorithm [10, 11], Particle Swarm Optimization [12], and The Bees Algorithm [13-15], are 
designed to explore the entire solution space to find the global optimum. In contrast, local 
search algorithms such as Hooke-Jeeves [16] and Newton Raphson [17] focus on exploring 
local regions of the solution space to identify the optimum. While global optimization 
algorithms are generally more effective in finding the global optimum, local search 
algorithms can be faster and more efficient in identifying the optimum in small or restricted 
regions of the solution space. The choice of which optimization algorithm to use depends on 
the nature of the optimization problem and the characteristics of the solution space [18]. 

The focus of this study is to optimize the impedance control parameters of a 3 degree-of-
freedom (DOF) robot in order to accurately control its movements and applying force on 
stations in industrial applications. The primary objective is to determine the optimal 
impedance control parameters that generate an accurate force profile. To achieve this 
objective, the Bees Algorithm was employed to optimize the impedance control parameters 
and minimize the relative distance and force errors as objective function [6, 19]. By using the 
optimized impedance controller, the robot can perform its task accurately and efficiently, 
reducing the risk of errors and improving productivity in various industrial applications. 
2. MATHEMATICAL MODEL 

The focus of this research is the 3 degree-of-freedom (DOF) manipulator, which consists of 
three joints. The manipulator's physical configuration is composed of three links with 
individual masses denoted as ݉ଵ, ݉ଶ, and ݉ଷ, as illustrated in Figure 1. 

 
Figure 1. 3 dof robotic system 

Forward kinematics is a commonly used method to determine the spatial position of the end-
effector relative to a reference coordinate system. Denavit and Hartenberg [20] introduced a 
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systematic approach to this technique, which involves obtaining a homogeneous 
transformation matrix through a series of sequential transformations. These transformations 
include a d-translation along the z-axis, a θ-rotation about the z-axis, an a-translation along 
the x-axis, and an α-rotation about the x-axis, as expressed by Equations (1) and (2).  ିଵܣ = ௭ܶ(݀)ܴ௭(ߠ) ௫ܶ(ܽ)ܴ௫(ߙ) (1) 

 ିଵܣ = ൦ܿݏ ߠ − ݏܿ ߙ ݊݅ݏ ߠ ݊݅ݏ ߙ ݊݅ݏ ߠ ܽ ݏܿ ݊݅ݏߠ ߠ ݏܿ ߙ ݏܿ ߠ − ݊݅ݏ ߙ ݏܿ ߠ ܽ ݊݅ݏ 0ߠ ݊݅ݏ ߙ ݏܿ ߙ ݀0 0 0 1 ൪ (2) 

Table 1 displays the Denavit-Hartenberg (D-H) parameters of the 3 degree-of-freedom (DOF) 
robot, which are utilized to characterize the kinematic interdependence between the robot's 
joints and end-effectors.  

Table 1. Denavit-Hartenberg (D-H) Parameters of the 3 Degree-of-Freedom (DOF) Robot 

i ࢊ [mm] ࢇ [°] ࣂ [mm] ࢻ[°] 
1 ݀ଵ 0 0 ߨ 2⁄  
 ଶ 0 0ܮ 0 2
 ଷ 0 0ܮ 0 3

In Equation (3), the center of mass for each body is explicitly defined with reference to its 
individual coordinate system.  ଵݎଵ = [0 0 −݀ଵ 2⁄ ]்  ଶݎଶ = ଶܮ−] 2⁄ 0 0]்  ଷݎଷ = ଷܮ−] 2⁄ 0 0]் (3) 

As per the methodology explained in reference [21], the computation of actuator torque 
related to the i-th joint can be achieved through Equation (4). The acceleration-related 
symmetric matrix is described in Equation (5), and its characteristics have been elucidated in 
prior studies [20, 21]. ߬ represents the impedance torque that acts on the i-th joint. The 
velocity matrix, denoted as ܷ, symbolizes the mathematical representation of the velocity of 
the i-th body concerning the j-th joint angle, conventionally indicated as ߠ. This matrix is 
defined using Equation (6), which presents a formal expression for the relationship between 
the velocity of the body and the joint angle. ߠ(ݍ)ܯప̈ + ߠ൫ܥ ప̇൯ߠ, + (ߠ)ܩ = ߬௧, + ߬ (4) 

ܯ =  ൫ݎܶ ܷܬ ்ܷ൯
ୀ௫(,)  (5) 

ܷ = ൜ ିଵ ܣ  ିଵܣ  ܳ   , ݆ ≤ ݅0 , ݆ > ݅ (6) 

The computation of the derivative of a homogeneous matrix ‘A’ can be achieved through left 
multiplication with the Q matrix, which represents the rotational component of the 
transformation matrix for revolute joints. The Q matrix is expressed by Equation (7), and its 
utilization is fundamental for obtaining the derivative of the homogeneous matrix A, 
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representing a pivotal step in the kinematic analysis of robotic systems. 

ܳ = ൦0 −1 0 01 0 0 00 0 0 00 0 0 0൪ (7) 

In Equation (5), the trace operator, which calculates the sum of the diagonal elements of a 
matrix, is utilized as a mathematical tool commonly employed in linear algebra. This operator 
is designated by the symbol Tr and its definition has been established in prior works by Fu et 
al. [21] and Weisstein [22]. The precise definition of the trace operator is presented in 
Equation (8), which provides a succinct mathematical representation of the operator. 

(ܽ)ݎܶ = ܽ
ୀଵ  (8) 

The torques, ߬௧ଵ, ߬௧ଶ, and ߬௧ଷ, can be obtained by expanding the equation of motion 
represented by Equation (4). By expanding Equations (9) to (11), it is feasible to calculate the 
required torques needed to produce the observed motion of the system. 

߬௧ଵ = − 112 (12݉ଷ + ݉ଵ)ܮଶଶߠ. ଵߠ. ଶ݊݅ݏ(ߠ2ଶ) − 112 .ߠ) ଶ + .ߠ ଷ)ܮଷଶߠ. ଵ݉ଶߠ2)݊݅ݏଶ + −(ଷߠ2 12 .ߠଷܮଶܮ ଵߠ. ଷ݉ଷ݊݅ݏ(ߠଷ) − 12݀ଵ݃݉ଵ݊݅ݏ(ߠଵ) + 12 ଶߠ2)ݏଷܿܮଶܮ + .ߠ(ଷߠ ݉ଷ+ 124 ((12݉ଷ + ݉ଵ)ܮଶଶ + (12݉ଷ + ݉ଵ)ܮଶଶܿݏ(ߠ2ଶ) + +ଷ݉(ଷߠ)ݏଷܿܮଶܮ12 ଵܫ24 + .ߠ(ଷଶ݉ଶܮ  + 124 ଶߠ2)ݏଷଶܿܮ + .ߠ(ଷߠ2 ݉ଶ + 14 (2݉ଷ+ ݉ଶ)ܮଶܿߠ−)ݏଶ + ݃(ଵߠ + 14 (2݉ଷ + ݉ଶ)ܮଶܿߠ)ݏଵ + ݃(ଶߠ + 14 −ଶߠ−)ݏଷܿܮ ଷߠ + ଵ)݃݉ଷߠ + 14 ଵߠ)ݏଷܿܮ + ଶߠ + ଷ)݃݉ଷߠ − .ߠ12) ଷ+ .ߠ ଶ)ܮଶܮଷߠ. ଵ݉ଷߠ2)݊݅ݏଶ +  (ଷߠ

(9) 
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߬௧ଶ = − 12 .ߠଷܮଶܮ ଷଶ݉ଷ݊݅ݏ(ߠଷ) − 14 ((2݉ଷ + ݉ଶ)ܮଶ + +ଶߠ−)ݏܿ(ଷ݉(ଷߠ)ݏଷܿܮ ݃(ଵߠ − 14 ଶߠ−)݊݅ݏଷ݃݉ଷܮ + (ଷߠ)݊݅ݏ(ଵߠ − 14 ଵߠ)݊݅ݏଷ݃݉ଷܮ + +(ଷߠ)݊݅ݏ(ଶߠ 12 (( 112 (12݉ଷ + ݉ଵ)ܮଶ + +ଶܮ(ଷ݉(ଷߠ)ݏଷܿܮ 112 .ߠ(ଶ݉(ଷߠ2)ݏଷଶܿܮ ଵଶ݊݅ݏ(ߠ2ଶ) + 12 ( 112 +(ଷߠ2)݊݅ݏଷ݉ଶܮ .ߠ(ଶߠ2)ݏଷܿܮ((ଷߠ)݊݅ݏଶ݉ଷܮ ଵଶ + 124 ((2݉ଵ + 24݉ଷ)ܮଶଶ + +ଷଶ݉ଶܮ2 .ߠ(ଷ݉(ଷߠ)ݏଷܿܮଶܮ24 ହ + 124 ଷ݉(ଷߠ)ݏଷܿܮଶܮ12) + .ߠ(ଷଶ݉ଶܮ2 ସ + 14 ((2݉ଷ+ ݉ଶ)ܮଶ + ଵߠ)ݏܿ(ଷ݉(ଷߠ)ݏଷܿܮ + ݃(ଶߠ − .ߠଷܮଶܮ ଶߠ. ଷ݉ଷ݊݅ݏ(ߠଷ) 
(10) 

߬௧ଷ = − 14 ଶߠ−)ݏଷܿܮ − ଷߠ + ଵ)݃݉ଷߠ + 112 .ߠଷଶܮ ସ݉ଶ + 12 .ߠଷܮଶܮ ଶଶ݉ଷ݊݅ݏ(ߠଷ)+ 124 ଷ݉(ଷߠ)ݏଷܿܮଶܮ12) + .ߠ(ଷଶ݉ଶܮ2 ହ + 124 .ߠଷଶܮ ଵଶ݉ଶߠ2)݊݅ݏଶ + +(ଷߠ2 14 .ߠଷܮଶܮ ଵଶ݉ଷߠ2)݊݅ݏଶ + (ଷߠ + 14 (ଷߠ)݊݅ݏଵଶ݉ଷ.ߠଷܮଶܮ + 14 ଵߠ)ݏଷܿܮ + +ଶߠ  ଷ)݃݉ଷߠ

(11) 

3. IMPLEMENTATION OF IMPEDANCE CONTROL 

The schematic representation of the impedance control methodology is presented in Figure 2. 
The implementation involves computing the forward kinematics and inverse dynamics 
equations to obtain the desired interaction point position of the robot, based on the joint 
angles. Any discrepancy between the derived position from forward kinematics and the target 
position is transformed into an interaction force through multiplication by the spring constant 
and damping coefficients. Subsequently, this force is multiplied by the transpose of the 
Jacobian matrix, which results in the generation of torques at the joints. These computed 
torques from inverse dynamics are then combined with the torques derived from the 
impedance control approach to obtain the final torque that is ultimately transmitted to the 
robot, thereby ensuring efficient control of the system. 
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Figure 2. Schematic representation of the implementation of impedance control methodology 

for robotic systems 

Equation  (12) presents the mathematical expression for the interaction force produced by the 
Proportional-Integral-Derivative (PID) control method. 

௧ܨ = ݇ ݔଷௗ − ଷௗݕଷݔ − ଷௗݖଷݕ − ଷ൩ݖ + ܾ ̇ݔଷௗ − ଷௗݕଷ̇ݔ̇ − ଷௗݖଷ̇ݕ̇ − ଷ൩ݖ̇ + ݅ න ݔଶௗ − ଶௗݕଶݔ − ଷௗݖଶݕ − ଷ൩ݖ  (12) ݐ݀

In this study, an impedance controller utilizing a PID control algorithm is employed to 
regulate the interaction force between the robot and the environment. The spring coefficient 
and damping coefficient of the impedance controller are designated as k and b, respectively, 
while the integral gain is represented by i. The target position of the robot's endpoint is 
defined as ݔଷௗ, ݕଷௗ and ݖଷௗ and is compared to the actual position of the endpoint, denoted as ݔଷ, ݕଷ and ݖଷ. The position of the robot's endpoint is mathematically expressed by Equation 
ଷݔ .(13) = ଶܮ)) + (ଶߠ)ݏܿ((ଷߠ)ݏଷܿܮ − ଷݕ (ଵߠ)ݏܿ((ଷߠ)݊݅ݏ(ଶߠ)݊݅ݏଷܮ = ଶܮ)) + (ଶߠ)ݏܿ((ଷߠ)ݏଷܿܮ − ଷݖ (ଵߠ)݊݅ݏ((ଷߠ)݊݅ݏ(ଶߠ)݊݅ݏଷܮ = ଶܮ) + (ଶߠ)݊݅ݏ((ଷߠ)ݏଷܿܮ + (ଷߠ)݊݅ݏ(ଶߠ)ݏଷܿܮ + ݀ଵ (13) 

To convert the interaction force obtained from Equation (12) into torques, it is necessary to 
multiply it by the Jacobian matrix of the endpoint of the robot, which characterizes the 
relationship between the joint velocities and the endpoint velocity. The mathematical 
representation for the Jacobian matrix of the system is given in Equation (14). 

ܬ =
⎣⎢⎢
⎢⎢⎢
ଵߠଷ݀ݔ݀⎡ ଶߠଷ݀ݔ݀ ଵߠଷ݀ݕଷ݀ߠଷ݀ݔ݀ ଶߠଷ݀ݕ݀ ଵߠଷ݀ݖଷ݀ߠଷ݀ݕ݀ ଶߠଷ݀ݖ݀ ⎥⎥⎦ଷߠଷ݀ݖ݀

⎥⎥⎥
⎤ = ܬଵଵ ଵଶܬ ଶଵܬଵଷܬ ଶଶܬ ଷଵܬଶଷܬ ଷଶܬ  ଷଷܬ

ଵଵܬ = ଶܮ))− + (ଶߠ)ݏܿ((ଷߠ)ݏଷܿܮ − ଵଶܬ (ଵߠ)݊݅ݏ((ଷߠ)݊݅ݏ(ଶߠ)݊݅ݏଷܮ = ଶܮ))− + (ଶߠ)݊݅ݏ((ଷߠ)ݏଷܿܮ + ଵଷܬ (ଵߠ)ݏܿ((ଷߠ)݊݅ݏ(ଶߠ)ݏଷܿܮ = (ଷߠ)݊݅ݏ(ଶߠ)ݏܿ)− +  (ଵߠ)ݏଷܿܮ((ଶߠ)݊݅ݏ(ଷߠ)ݏܿ
(14) 

INTERNATIONAL PARIS CONGRESS ON APPLIED SCIENCES

April 1-3, 2023 - Paris 234



ଶଵܬ = ଶܮ)) + (ଶߠ)ݏܿ((ଷߠ)ݏଷܿܮ − ଶଶܬ (ଵߠ)ݏܿ((ଷߠ)݊݅ݏ(ଶߠ)݊݅ݏଷܮ = ଶܮ))− + (ଶߠ)݊݅ݏ((ଷߠ)ݏଷܿܮ + ଶଷܬ (ଵߠ)݊݅ݏ((ଷߠ)݊݅ݏ(ଶߠ)ݏଷܿܮ = (ଷߠ)݊݅ݏ(ଶߠ)ݏܿ)− + ଷଵܬ (ଵߠ)݊݅ݏଷܮ((ଶߠ)݊݅ݏ(ଷߠ)ݏܿ = ଷଶܬ 0 = ଶܮ) + (ଶߠ)ݏܿ((ଷߠ)ݏଷܿܮ − ଷଷܬ (ଷߠ)݊݅ݏ(ଶߠ)݊݅ݏଷܮ = (ଷߠ)݊݅ݏ(ଶߠ)݊݅ݏ−) +  ଷܮ((ଷߠ)ݏܿ(ଶߠ)ݏܿ
The computation of impedance torques, ߬, involves the multiplication of interaction forces 
by the transpose of the Jacobian matrix. This process is formalized mathematically in 
Equation (15). ߬ = ்ܬ ௧ ߬ଵܨ = ଶܮ))− + (ଶߠ)ݏܿ((ଷߠ)ݏଷܿܮ − (ଵߠ)ݏ௬ܿܨ−)((ଷߠ)݊݅ݏ(ଶߠ)݊݅ݏଷܮ + ଶ߬ ((ଵߠ)݊݅ݏ௫ܨ = ଶܮ)−) + (ଵߠ)ݏ௫ܿܨ((ଷߠ)ݏଷܿܮ − (ଵߠ)݊݅ݏଶܮ௬ܨ − −(ଵߠ)݊݅ݏ(ଷߠ)ݏଷܿܮ௬ܨ (ଶߠ)݊݅ݏ((ଷߠ)݊݅ݏଷܮ௭ܨ − ଶܮ௭ܨ−) − (ଷߠ)ݏଷܿܮ௭ܨ + +(ଷߠ)݊݅ݏ(ଵߠ)ݏଷܿܮ௫ܨ ଷ߬ (ଶߠ)ݏܿ((ଷߠ)݊݅ݏ(ଵߠ)݊݅ݏଷܮ௬ܨ = (ଵߠ)ݏ௫ܿܨ)))− + (ଷߠ)ݏܿ((ଵߠ)݊݅ݏ௬ܨ + (ଶߠ)݊݅ݏ((ଷߠ)݊݅ݏ௭ܨ + +(ଵߠ)ݏ௫ܿܨ)) (ଷߠ)݊݅ݏ((ଵߠ)݊݅ݏ௬ܨ −  ଷܮ((ଶߠ)ݏܿ((ଷߠ)ݏ௭ܿܨ

(15) 

In Equation (15), the ܨ௧ force components along the x-axis and y-axis are denoted as ܨ௫  and ܨ௬, respectively. The overall torques acting on the system are the summation of actuator 
torques and impedance torques obtained from Equation (8) and Equation (15). 
4. NUMERICAL APPLICATION 

The present study focuses on a robot system with specific physical parameters, such as ݀ଵ = ଶܮ ,݉ 0.2625 = ଷܮ = 1 ݉ and ݉ଵ = ݉ଶ = ݉ଷ = 5 ݇݃. As per the provided scenario, 
the robot's endpoint sequentially moves from its initial position at point 1 to reach point 8 
using ramp function, as depicted in Figure 3. The robot's endpoint exerts a steady force of 50 
N on the plane defined by points 1, 2, 3, and 4.  

 
Figure 3. Numerical representation of the robot system and its motion trajectory 

The desired point location from point 1 to point 8 is given in Table 2. 

INTERNATIONAL PARIS CONGRESS ON APPLIED SCIENCES

April 1-3, 2023 - Paris 235



Table 2. Desired Point Locations. 

Point No X [m] Y [m] Z [m] Point No X [m] Y [m] Z [m] 
1 0.3 1.3 0.25 5 -1.2 1 1.55 
2 1.3 0.3 0.25 6 -0.2 1 0.55 
3 0.3 0.3 0.25 7 -1.2 1 0.55 
4 1.3 1.3 0.25 8 -0.2 1 1.55 

To apply a consistent force of 50 N to the surface while the robot's tip point moves along the 
path from point 1 to point 4, we incorporate the 50 N force from the tip point to the ground 
into the interaction force specified in Equation (16). 

௧,ௗௗܨ = ௧ܨ + 50  00−1൩ (16) 

 

The optimization process for the coefficients k, b, and i in Equation (12) is guided by an 
objective function, which is mathematically expressed as Equation (17). 

݂ = න(ݔଷௗ − ଷ)ଶݔ + ଷௗݕ) − ଷ)ଶݕ + ଷௗݖ) − ଷ)ଶݖ + ௭ܨ) − 50ܰ)ଶଵ..ସ
௧మ
௧భ  (17) 

The optimization process of the coefficients k, b, and i in Equation (12) is performed by 
formulating an objective function that incorporates the square of the difference between the 
actual and target positions, commonly referred to as the distance error. Additionally, the 
objective function involves squaring the difference between the force applied by the endpoint 
and the surface formed by points 1 and 4, set to a constant value of 50 N. The aim is to 
minimize this objective function to reduce the distance error. The parameters used for The 
Bees Algorithm are specified in Table 3. 

Table 3. The Bees Algorithm parameters 

n m e nep nsp ngh pmax pmin 
10 7 4 5 3 0.1 [250,50,20] [0,0,0] 

3. RESULTS AND DISCUSSION 

The outcomes of the PID-based impedance control parameters optimization via The Bees 
Algorithm are tabulated in Table 4. The optimization process encompassed 1000 iterations. 

Table 4. The results of The Bees Algorithm 

Initial Conditions 
Initial Objective 

Function 
The Bees Algorithm 

Result 
Resulting 

Objective Function 
k b i  k b i  

238.84 49.62 10.66 6602.60 79.17 32.41 6.65 3374.35 

The convergence graph during the optimization of the objective function shown in Figure 4. 
The reaction force of the plate is shown in Figure 5. The force exhibits two peaks, measuring 
54.01 N and 31.21 N, respectively. The final positions of the robot during the scenario are 
depicted in Figure 6. 
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Figure 4. Convergence graph of the objective function. 

 
Figure 5. Reaction Force of the Plate 
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Figure 6. Movement of the robot’s endpoint 

CONCLUSIONS 

In this study, the position of the endpoint of a 3 DOF robot was controlled using the 
impedance control technique. During the movement of the robot's endpoint on a plane, a 
change was made to the impedance force to apply a workload of 50 N. The applied workload 
exhibited peak errors of -37.5% and +8%. In addition, the impedance controller parameters 
were optimized using The Bees Algorithm. With an initial condition from a previous study, an 
improvement of 48.9% was achieved through optimization. 

This study demonstrates that the impedance control technique can be used to apply a force in 
a desired direction while the endpoint of the robot moves along a trajectory. Future studies 
may consider exploring the use of this technique on surfaces other than a plane, such as in the 
polishing of surfaces. Overall, this research contributes to the development of advanced 
control techniques for robotic systems, with potential applications in various fields including 
manufacturing, healthcare, and beyond. 
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